Simple Geospatial Methods
Simple geospatial methods estimate values at unsampled points with no statistical error model. They work best with larger
data sets. No statistical assumptions are required, so they can be a quick, simple approach to modeling spatial trends. These
methods, however, do not quantify prediction uncertainty. This section presents typical uses for simple geospatial methods,
such as inverse distance weighting, Voronoi diagrams/Thiessen polygons, and natural neighbor interpolation. The
assumptions, strengths, and weaknesses of each method are described, as well as guidance on using the method results.

Inverse Distance Weighting
Inverse distance weighting (IDW) interpolation applies multiplier values to the data points during interpolation so that the
inﬂuence of one data point relative to another decreases with distance (d), using the weighting function w(d) = 1/dp, where
the exponent “p” (or sometimes called weighting power) is usually user-speciﬁed. Higher exponent values make points far
from a grid node have less eﬀect on the interpolation at that grid node. As the exponent increases, there is less averaging,
and the grid node value approaches the value of the nearest data point. As the exponent decreases, there is more
averaging, and the weights are more evenly distributed among the surrounding data points (Golden Software 2002). This
method is usually available in computer interpolation programs because it is fast, simple, and can accommodate very large
data sets.
IDW normally behaves as an exact interpolator, with predicted values exactly coinciding to data values at measurement
locations. Because there is no theoretical basis for selecting parameters, the power and search neighborhood terms should
be speciﬁed based on minimizing cross-validation error. One characteristic of IDW interpolation is the generation of contour
maps with bull’s-eye patterns around data points. Some software programs enable smoothing of contours, but this practice
may not eliminate the bull’s-eye eﬀect.

Typical Applications
▼Read more
Interpolating spatial data to create contour maps and grids used in surface and volume calculations.

Using this Method
▼Read more
IDW is best suited as an interpolation method for large data sets collected at a high (spatial) density; for example, a reﬁned
sampling grid. A lower exponent value (weighting power) will generally create a smoother, more averaged surface. Using an
exponent less than 1 should be avoided because it can cause data points far away from prediction locations to inﬂuence
predictions more than those that are close, contradicting the main rationale for the interpolation (Krivoruchko 2011).

Assumptions
▼Read more
The main assumption of IDW is that data values that are closer to each other are more similar than those that are further
away.

Strengths and Weaknesses
▼Read more
The strengths of this method are:
IDW eﬃciently interpolates very large data sets.
IDW is simple to understand and implement in many diﬀerent computer programs.
The weaknesses of this method are:

IDW often produces contours with bull’s-eyes representing mounds or depressions in the surface that
have no conceptual explanation. This result is due to a scarcity of samples around a data point that
diﬀers appreciably from neighboring samples.
IDW does not produce good results when used to contour smaller data sets, especially those
representing smoothly transitioning properties such as groundwater elevations.
IDW interpolation is not based on the spatial correlation of the data set and cannot estimate
uncertainty of the interpolated values at unsampled locations. Cross-validation can be used to
evaluate the model’s depiction of measured values.

Understanding the Results
▼Read more
Results of IDW interpolation should be compared to the CSM to evaluate whether there are any valid explanations for bull’seyes in the surface (for example, pumping or injection wells). The accuracy of IDW interpolation can be assessed and
compared to other methods through cross-validation, validation, and ﬁeld veriﬁcation.
In the context of optimization, see how to use the results of the geospatial methods to address speciﬁc optimization
questions.

Further Information
▼Read more
The case study describing optimization of the remediation of lead contaminated soil at a former lead smelter uses IDW
interpolation.
Additionally, see guidance on IDW interpolation in Surfer, ArcGIS, and other computer contouring software.

Thiessen Polygons, Delaunay Triangulation Diagrams and Voronoi Diagrams
Two closely related methods of characterizing spatial distribution and inﬂuence of sample points are Thiessen polygons and
Delaunay triangulations. In each of these methods, the sampling area is divided into regions containing one sampling point.
The regions then can be weighted according to the size of the area relative to the total area. For example, concentrations at
unsampled points are estimated using a weighted average of the concentrations of adjacent points using the polygon areas
for the weights.

▼Read more
Given a set of points [P1, P2, … PN], Voronoi diagrams are used to divide space into regions, so that each region contains one
point Pj and each point within the region is closer to Pj than to any other point Pk where k ≠ j. These regions are called
Voronoi cells or Thiessen polygons. Figure 58A is an example of a space divided according to Voronoi diagrams, in which
each colored polygon is a Voronoi cell, each containing one dot, where the dots represent the points [P1, P2, … PN]. Note
that every point within a given polygon is closer to the dot in its own polygon than to any other dot.
Voronoi diagrams are generated from a Delaunay triangulation. In two dimensions, a Delaunay triangulation connects a set
of points [P1, P2, … PN] to form triangles, so that no point Pj is in the interior of the circumcircle of any triangle. Figure 58B
shows the Delaunay triangulation used to generate the Voronoi cells of Figure 58A. In Figure 58B, the points [P1, P2, … PN]
are located at the vertices of the triangles.

Figure 58. A) (Left) A series of points, indicated by dots, in two dimensions with the space divided into Voronoi
cells (or Thiessen polygons), represented as colored polygons; B) (Right) The Delaunay triangulation used to
generate the Voronoi cells in A. The same points, represented as dots in A), are the vertices of the triangles in
B).
Source: Images generated using the algorithm of Paul Chew (Chew 2007), Cornell University.
The perpendicular bisectors of the Delaunay triangles form the edges of the Voronoi polygons. Figure 59 shows the Delaunay
triangulation and the Voronoi diagrams for a set of points. Delaunay triangles are shown in heavy lines. The lighter lines are
the edges of the Voronoi polygons. Note that the edges of the Voronoi polygons bisect the edges of the Delaunay triangles.
In three dimensions, a Delaunay triangulation forms tetrahedra. Sometimes the Voronoi cells/Delaunay triangles are referred
to as Voronoi/Delaunay mesh.

Figure 59. A set of points shown as vertices of Delaunay triangles, with Voronoi cells.

Delaunay Triangulation for Sampling Optimization
Delaunay triangulation may be used to determine the natural neighbors of a given sampling location. Areas with large
diﬀerences in contaminant concentration between natural neighbors may then be targeted for additional sampling locations,
while areas with small diﬀerences may require fewer sampling locations. Thiessen polygons (or Voronoi cells) may also be
used to “weight” concentrations by the surface area enclosed in each. For example, each concentration can be assigned a
weight equal to the ratio of the polygon area to the area of the site (or exposure unit in the case of a risk assessment). The
weight then can be incorporated into subsequent statistical analyses to assign more impact to those concentrations
representing larger surface areas.

▼Read more

Increasing the number of sampling wells, in principle, improves the characterization of a contaminant plume. Given
budgetary limits, however, this approach is not always practical. Delaunay triangulation may be used to optimize the
placement of a minimum number of sampling wells, so that a contaminant plume may be analyzed eﬀectively, subject to
budgetary constraints.
Each sampling well may be rated according to its importance. This rating is typically accomplished by a measure of the
diﬀerences in concentration between the well and its neighboring wells. For instance, if the measurements at a given well
are consistently the same as those of neighboring wells, that well might be deemed redundant and therefore unnecessary.

Natural Neighbor Interpolation
Natural neighbor interpolation is a smoothing technique that allows for surrounding sample information to contribute to the
estimation of values at unsampled points. The natural neighbor method is based on Thiessen polygons (or Voronoi
cells) constructed from the set of sampling locations. For any point, its natural neighbors are the locations associated with
the adjacent Thiessen polygons (ESRI 2012). The values of the unsampled points are estimated using a weighted average of
the values of their natural neighbors using associated polygon areas for the weights. Figure 58 illustrates the Voronoi
diagrams and Figure 59 illustrates Delaunay triangles with Voronoi cells; see also the relationship between Voronoi diagrams
and Delaunay triangles.

Typical Applications
▼Read more
Typical applications of this method include creating map surfaces to graphically display various properties of a data set. This
method can also be used to estimate concentrations at unknown points by assuming a smooth concentration continuum
between measured and unmeasured points.

Using This Method
▼Read more
This method yields the best results when a point lies within a roughly spherical set of evenly spaced natural neighbors.
Smoothness of concentration changes with distance between points. A suﬃcient amount of data is required to understand
variability in concentration. See Table 1 for more information about determining the minimum data requirements. Many
software packages use this method of interpolation.

Assumptions
▼Read more
When data points are distributed in space, they inherently represent a certain area around them.
It is assumed that the sample points in sparsely sampled regions have a larger area of inﬂuence than those in the more
densely sampled areas.

Strengths and Weaknesses
▼Read more
It is conceptually simple.
It handles large data sets well.
It handles highly anisotropic data sets well due to the ﬂexibility of the polygon shapes.
The weaknesses of this method are:
Density of sampling points determines the size of Voronoi polygons, and thereby the inferred area of
inﬂuence. Therefore, sampling density may result in misleading inferences and as with any method,
this implication should be evaluated for its practical eﬀect on accuracy.
Results are poor when areas of interest are around the edges of the surface, because the method
does not take into account the behavior of the data, it only takes an average of the points available.
This method does not extrapolate contours beyond the convex hull, or boundaries, of data locations.

Understanding the Results
▼Read more

Verify results from this method by withholding known data (validation subset) from the estimation process then checking the
estimated values against the known values. Field veriﬁcation can be performed by collecting samples at the estimated
points and determining if diﬀerence between the estimated value and data value are consistent with the CSM and
reasonable to support the optimization question for the site.
Natural neighbor interpolation is often confused with nearest neighbor gridding, which is a separate method. Nearest
neighbor gridding works by assigning the value of the nearest data point to each grid node (Golden Software 2002). As the
value is assigned and not interpolated, nearest neighbor is more accurately described as a gridding method instead of an
interpolation method. Nearest neighbor can reliably convert scattered data points to an evenly distributed sampling grid.
This makes the method useful for applications such as converting one type of grid to another format (for example, an ESRI
grid to a Surfer grid).
As nearest neighbor does not interpolate between data points, it should not be used for sparse data sets or to create contour
lines for most environmental data sets. Where data are not on a dense grid, nearest neighbor creates polygons of uniform
values and the resulting contour lines are not usable. A comparison of natural neighbor interpolation and nearest neighbor
gridding results are shown on Figure 60 using the same data set as Figure 8 .

Figure 60. (Left) Natural neighbor interpolation results; (Right) Nearest neighbor interpolation results for the
same data set, contoured at the same interval. The steep changes in values result in closely spaced contour
lines in the nearest neighbor ﬁgure.
Using Analysis Results for Optimization describes how to apply the results of the geospatial methods to address speciﬁc
optimization questions.

Further Information
▼Read more
Additional references include de Smith, Goodchild, and Longley 2015; Sukumar 1997; and ESRI 2012.

